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A comprehensive analysis of the elementary processes behind the scanning tunneling microscope controlled
rotation of C2H2 and C2D2, isotopologues of a single acetylene molecule adsorbed on the Cu(001) surface is
given, with a focus on the isotope effects. With the help of density-functional theory we calculate the vibrational
modes of C2H2 and C2D2 on Cu(001) and estimate the anharmonic couplings between them, using a simple
strings-on-rods model. The probability of the elementary processes — non-linear and combination band — are
estimated using the Keldysh diagram technique. This allows us to clarify the main peculiarities and the isotope
effects of the C2H2 and C2D2 on Cu(001) rotation, discovered in the pioneering work [Stipe et al., Phys. Rev.
Lett. 81, 1263 (1998)], which have not been previously understood.
PACS numbers: 68.37.Ef, 68.43.Pq
I. INTRODUCTION
The utmost nanotechnology, that is, a method to manipu-
late a single atom and/or molecule adsorbed on a solid surface
has been developed in the last twenty years as an impressive
implementation of the scanning tunneling microscope (STM)
and inelastic electron tunneling spectroscopy (IETS).1–6 In a
recent Letter7 we clarified the elementary processes behind
one of the pioneering works on single molecule manipulation,
the rotation of a single acetylene molecule on the Cu(001) sur-
face.5 However, the isotope effect in the acetylene / deuterated
acetylene rotations on Cu(001) also discovered in Ref. 5 was
left beyond the scope of our letter. The goal of the present
paper is to extend our approach of Ref. 7 in order to give a
comprehensive analysis of the STM-induced acetylene C2H2
and deuterated acetylene C2D2 rotations on Cu(001), with a
special emphasis on the isotope effects.
The work of Stipe, Rezaei, and Ho5 appeared to be the first
thorough and systematic experiment on a single adsorbate ma-
nipulation made in combination with STM-IETS. This has
been established since then as an indispensable experimen-
tal method in order to gain insight into the vibrationally me-
diated motions and reactions of single molecules with STM
(see, e.g., in Ref. 8 and references therein).
The work5 was also the first where the responsible for mod-
ification vibrational mode was not directly excited by the tun-
neling electrons. The observed rotation yield Y(V) per elec-
tron as a function of bias voltage V for C2H(D)2 exhibits the
threshold at 358 (266) meV corresponding to excitation of
the C–H(D) stretch mode. The peak in the ∆log(Y)/∆V plot
agreed with the observed IETS spectrum (d2I/dV2) for both
systems. The threshold energy of the rotation yield Y(V) and
the peak in the ∆log(Y)/∆V plot indicated that a selective ex-
citation of the C–H(D) stretch mode is a trigger for the rota-
tion. In this respect, it is very different from, e.g., the rotation
of a single oxygen molecule on Pt(111) surface,4 where the
hindered rotational mode can be directly excited by the tun-
neling electrons.9
The case of acetylene/Cu(001) with an indirect reaction
pathway is not unique, many other examples of indirect ex-
citation of the reaction coordinate (RC) mode have been es-
tablished, e.g., the migration of CO on Pd(110).6 However,
the rotation of C2H(D)2/Cu(001) demonstrates many peculiar
features. First of all there are the lower and higher thresh-
olds at the bias voltage around 240–250 mV and 360 mV for
the acetylene rotation, and seemingly only a single threshold
at 275 mV for the deuterated acetylene rotation. While it is
easy to assign the higher threshold to the C–H(D) stretch vi-
brational mode, the lower threshold and its absence in case
of deuterated acetylene has not been previously discussed ex-
plicitly. Secondly, the crossover from linear (single electron
process) to nonlinear (two-electron process) dependencies of
the rotation rate of the C2H2/Cu(001) with increasing tunnel-
ing current has not been well understood. This nonlinearity
becomes more pronounced with increasing the bias voltage.
This is in contrast to the so-called coherent ladder climbing
where reaction rate as a function of current approaches to a
linear one with the increase of bias voltage.10,11
Previously, we have shown7 that for the C2H2/Cu(001) the
rotational probability can be divided into three partial pro-
cesses
R(V) = RA(V) + RB(V) + RC(V), (1)
where the rates RA(V) and RB(V) are, respectively, the one-
and two-electron processes with a higher threshold V ∼
358 mV, and RC(V) is the one-electron combination band pro-
cess, initiated via inelastic emission by tunneling electron of
a pair of acetylene on Cu(001) vibrational excitations. We be-
lieve that such a splitting can be also done for the deuterated
acetylene on Cu(001) surface.
In this paper we analyse the linear RA(V) as well non-
linear RB(V) processes for both isotopologues of acetylene
on Cu(001). We make the throughout analysis of their vibra-
tional modes and estimate the anharmonic couplings between
them. We also provide the explicit derivation of the excita-
tion rate of the reaction coordinate mode via anharmonic cou-
plings and make the comparison with the experimental results
of Ref. 5. The analysis of the possible combination band ex-
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2citations contributing to RC(V) is also given for the both iso-
topologues of acetylene on Cu(001).
The structure of this paper is the following. In Sec. II we in-
troduce the Hamiltonian of the system and discuss the linear
process of the reaction coordinate excitation. In Sec. III we
calculate the vibrational modes and lifetimes of the acetylene
molecule on Cu(001) surface. Then in Sec. IV we estimate
the anharmonic couplings between the vibrational modes. In
Sec. V we introduce the Keldysh formalism to obtain the
rate of the nonlinear process and compare it with the exper-
imentally obtained results in Sec. VII. The discussion of the
combination band process for the acetylene isotopologues on
Cu(001) is given in Sec. VIII. Concluding remarks are given
in Sec. IX.
II. MODEL INTRODUCTION. DIRECT EXCITATION
In order to describe the elementary processes that occur in
the acetylene molecule on Cu(001) surface we divide the full
Hamiltonian of the system on the electronic and vibrational
(phonon) parts,
H = He({δqν}) + Hph, (2)
where the electronic part He depends on the normal coordi-
nates of the molecule {δqν}. The electronic part of the Hamil-
tonian can be written in a form of the Anderson-Newns type
Hamiltonian,12
He = εa({δqν})c†aca +
∑
j=t,s
ε jc
†
jc j +
∑
j=t,s
V j
(
c†jca + h.c.
)
, (3)
where the indices s(t) and a denote the substrate (tip) and ad-
sorbate, respectively; the corresponding energy levels are εs(t)
and εa({δqν}). Electronic tunneling matrix elements Vt (tip-
adsorbate) andVs (substrate-adsorbate) give rise to a station-
ary tunneling current between the tip and the substrate through
the adsorbate orbital at applied bias voltage V . The electron
occupation functions in the substrate and tip are assumed to be
Fermi distributions with the same temperature T but different
chemical potentials µt and µs, µs − µt = eV .
The excitation of the high frequency C–H(D) stretch modes
is described with the expansion of the adsorbate orbital energy
in the first term of Eq. (3) to the first order over the electron-
phonon coupling as13
εa({δqh}) ≈ εa(0) + χ(b†h + bh), (4)
where χ is the electron-phonon coupling constant, εa(0) is the
unperturbed adsorbate energy, bh is the annihilation operator
of the high frequency vibrational mode
(
δqh = 2−1/2(b†h + bh)
)
which is directly excited by the inelastic tunneling current.
The high frequency vibration generation rate then reads14
Γiet(Ωh,V) =
∫
dωρ(h)ph (ω)Γin(ω,Ωh,V), (5)
where ρ(h)ph (ω) is the Lorentzian-shaped density of states
ρ(h)ph (ω) =
1
pi
γ(h)eh
(ω −Ωh)2 +
(
γ(h)eh
)2 , (6)
and γ(h)eh is the inverse lifetime of the phonon mode h due to
electron-hole pair excitation, specified in Tab. I.
At T = 0 the vibrational generation rate can be written in a
simple form14,15
Γin(ω,Ωh,V) '
γ(h)eh
~Ωh
∆t
∆s
(|eV | − ~ω) Θ
( |eV |
~ω
− 1
)
, (7)
where Θ(x) is the step function, and ∆s(t) =
pi
∑
s(t)
∣∣∣Vs(t),a∣∣∣2 δ (ε − εs(t)) is the hybridization parameter
of the tip and the adsorbate (substrate and adsorbate).
The mechanism of the energy transfer to the reaction coor-
dinate mode being separated on the partial processes (1) can
be analysed as following. The linear partial process RA is the
one-electron process of the direct excitation over the RC bar-
rier, it is similar to the processes described in Refs. 6 and 16.
It can be written as a linear function of the C–H(D) stretch
mode generation rate17
RA(V) = AΓiet(Ωh,V), (8)
where the proportionality coefficient A is the energy transfer
rate between the directly excited high frequency mode and the
overbarrier excitation of RC mode.
For the description of the indirect excitation of the RC mode
via anharmonic couplings with the high-frequency C–H(D)
stretch mode one needs to include the anharmonic couplings
between the vibrational modes in Hph, the vibrational part of
the Hamiltonian. In the lowest order only the cubic couplings
have to be considered
Hph =
∑
ν
~Ωνb†νbν
+
1
6
∑
ν,ν′,ν′′
Kν,ν′,ν′′
(
b†ν + bν
) (
b†ν′ + bν′
) (
b†ν′′ + bν′′
)
, (9)
where Kν,ν′,ν′′ is the anharmonic coupling constant between
the vibrational modes ν, ν′, and ν′′. Intuitively it is clear that
we are interested only in few addends in the last summation,
those which connect the high frequency vibrational modes and
the RC mode. In Sec. IV we provide the full analysis of the
anharmonic couplings between the vibrational modes.
III. VIBRATIONAL MODES OF ACETYLENE ON CU(001)
The analysis of the vibrational modes of a single
C2H(D)2/Cu(001) is made by means of DFT calculations on a
4×4 Cu(001) surface with one adsorbed acetylene molecule.18
The calculations of relaxed geometries, vibrational energies,
and electron-hole pair damping rates are carried out with
SIESTA.19,20
Figure 1 shows schematically the equilibrium configuration
of C2H2 on Cu(001) and the relaxation of the Cu atoms. The
calculated equilibrium configuration of the chemisorbed C2H2
molecule on Cu(001) is in agreement with Ref. 21: dCC =
1.40 Å, dCH = 1.12 Å and C–C–H bond angle is 120.7◦.
The results for the vibrational energies ~Ων and electron-
hole damping rates γ(ν)eh , ν = 1, . . . 12 are given in Tab. I, in
3TABLE I. Calculated/experimental vibrational energies, damping rates, and angular momentum of C2H(D)2 on Cu(001). Numbers in paren-
theses belong to C2D2. The frustrated rotational modes along (001) are emphasized in bold.
ν Mode ~Ων γ
(ν)
eh L
(ν)
x L
(ν)
y L
(ν)
z
meV 1012s−1 (rel. u.)
theory expt theory
this EELS IETS
work Ref. 21 Ref. 22 Ref. 23 Ref. 5 this work
1 C–H(D) stretch, symmetric 371 (275) 379 364 360 (272) 358 1.0 (0.3) -0.01 (0) 0.01 (0) 0
2 C–H(D) stretch, asymmetric 368 (270) 375 357 360 (272) 358 0.7 (0.6) 1.6 (-1.6) -1.6 (1.6) 0
3 C–C stretch 167 (164) 171 164 162 (159) N.O.∗∗ 2.2 (2.4) 0 0 0
4 C–H(D) in-plane bend or wag, asymmetric 131 (108) 132 141 141 (115) N.O. 0.2 (0.07) 1.2 (-1.2) -1.2 (1.2) 0
5 C–H(D) in-plane bend or scissor, symmetric 111 (79) 117 118 117 (84) N.O. 1.5 (0.7) 0 0 0
6 C–H(D) asym rotation or out-of-plane bend 100 (77) 101 78 79 (63) N.O. 0.7 (0.3) 0 0 -1 (-1)
7 out-of-plane bend or cartwheel 71 (52) 75 N.O. N.O N.O. 0.2 (0.1) -0.2 (0.4) -0.2 (0.4) 0
8 in-plane bend or wag 58 (50) N.P.∗ N.O. N.O.(50) N.O. 2.0 (1.5) 1.3 (1.1) -1.3 (-1.1) 0
9 molecule-Cu stretch 50 (49) N.P. 52 58 (37) N.O. 0.05 (0.06) 0 (-0.04) 0 (0.04) 0
10 in-plane rotation 29 (29) N.P. N.O. N.O. N.O. 1.8 (1.7) -0.4 (-0.4) 0.4 (0.4) 0
11 out-of-plane rotation 28 (26) N.P. N.O. N.O. N.O. 0.2 (0.2) 0 0 1 (1)
12 out-of-plane bend 23 (22) N.P. N.O. N.O. N.O. 0.04 (0.04) -0.04 (-0.07) -0.04 (-0.07) 0.03(0.05)
∗ N.P.: Not Published
∗∗ N.O.: Not Observed
comparison with the previous theoretical21 and experimen-
tal5,22,23 results. Due to the lack of the experimental data avail-
able for the vibrational modes of the deuterated acetylene on
Cu(001) surface we provide the comparison with the vibra-
tional modes for the C2D2 on Cu(110).23 For C2H2 molecule
the vibrational frequencies on Cu(110) and Cu(001) surfaces
are similar.22,23
The last column of Tab. I gives (in relative units) the com-
ponents of the vibrational mode angular momenta ~L(ν) =∑
i Ων(~ri − ~rC.M.) × miδ~r(ν)i , where ~ri, mi are the atomic posi-
tions (in the acetylene molecule) and masses, ~rC.M. the center-
of-mass, and δ~r(ν)i the atomic displacements in the vibrational
mode ν. Two vibrational modes No. 6 and No. 11 have non-
zero z-component of the angular momentum and are consid-
ered to be precursors of the rotational movement of the acety-
lene molecule on Cu(001) in Ref. 5. Recently we have shown7
that according to the analysis of the anharmonic couplings and
FIG. 1. Calculated equilibrium configuration of acetylene molecule
(C2H2) on Cu(001). The C–C and C–H bond lengths and C–C–H
bond angle are given in the text.
the ratio between the rotational barrier height and the energy
of the vibrational mode it is only possible that hindered rota-
tional mode No. 6 is responsible for the signal observed in the
experiment.5
The thermal activation energies B for the rotational mode
of the C2H2 and C2D2 molecules on Cu(001) are determined
experimentally24 as 169±3 meV and 168±4 meV correspond-
ingly. Our estimate of B with the nudged elastic band method
for C2H2/Cu(001) is 100 meV, which is only in a qualitative
agreement with the experimental data. The ratio of energy
barrier height to the rotational mode energy Ωr = 78(63) meV
(we use the experimental values22,23) is εB/Ωr ≈ 2.2(2.6).
We also calculate by DFT the transmission coefficients
T (ν) for inelastic electron to excite the vibrational modes of
both isotopologues of the acetylene on Cu(001). The elec-
trons from the STM-tip dominantly excite the C–H(D) vi-
brational stretch mode, the relevant transmission coefficients
corresponding to the symmetric and asymmetric modes are
T (1) = 1.3 × 1011 (s×V)−1 and T (2) = 5.9 × 1011 (s×V)−1.
From the transmission coefficients we estimate the probability
factors to excite symmetric and asymmetric C–H(D) stretch
modes as ζ = T (1)
(
T (1) + T (2)
)−1
= 0.18 and (1 − ζ) = 0.82.
IV. ESTIMATION OF THE ANHARMONIC
COEFFICIENTS FOR THE ACETYLENE MOLECULE ON
CU(001)
Essential step in the analysis of the elementary processes
in the C2H2/D2 molecule on Cu(001) surface is the analysis
of the anharmonic coupling Kν,ν′,ν′′ between the vibrational
modes ν, ν′ and ν′′ of the adsorbed molecule. For this es-
timation we propose a simple model of the potential energy
surface. We describe the C–H/D, C–C bonds by springs on
4rods (the latter to fix the central character of the forces):
Uspr(ri, r j) =
µi jω
2
i j
2
(√
||ri − r j||2 − Li j
)2
, (10)
where ωi j and Li j are the spring parameters. The Lennard-
Jones potential is used to describe the interaction between the
carbon atoms and nearest neighbor Cu as well as between the
H(D) atoms and the nearest neighbor Cu,
ULJ(ri, r j) = εi j
( ai j||ri − r j||
)12
− 2
(
ai j
||ri − r j||
)6 , (11)
where εi j is the depth of the potential and ai j the position of its
minimum. The parameters are chosen to reproduce the vibra-
tional frequencies and eigenvectors and are given in Tab. III.
In order to estimate the anharmonic couplings between dif-
ferent modes we expand the potential energy to the third order
in δ~ri, the atomic displacements,
U({δ~ri}) = U0 + 12
N∑
i, j
3∑
α,β=1
aαβi j δr
α
i δr
β
j+
+
1
6
N∑
i, j,k
3∑
α,β,γ=1
bαβγi jk δr
α
i δr
β
jδr
γ
k + o
(
‖δr‖3
)
. (12)
After rotating to the basis of normal coordinates we obtain
U({δ~˜qi}) = U0 + 12
3N∑
ν=1
Ω2νδq˜νδq˜ν+
+
1
6
3N∑
ν,ν′,ν′′=1
K (c)ν,ν′,ν′′δq˜νδq˜ν′δq˜ν′′ + o
(
‖δq˜‖3
)
. (13)
where {δ~˜qi} is a set of normal coordinates and K (c) is clas-
sical anharmonic coupling between the vibrational modes of
the system. The transformation from the original Cartesian
coordinates to the normal coordinates basis has a form
K (c)ν,ν′,ν′′ =
N∑
i, j,k
3∑
α,β,γ=1
bαβγi jk
eαν,i√
mi
eβν′, j√m j
eγ
ν′′,k√
mk
, (14)
where eαν,i is the eigenvector coefficient between the normal
coordinate δq˜ν and the shift of i-th atom in α direction δrαi ,
δq˜ν =
∑
i,α eαν,iδr
α
i .
We introduce a dimensionless displacement vector δqν
in order to quantize the vibrational modes, so that δq˜ν =
δqν
√
~(2ων)−1 and arrive from coordinates to operators in a
canonical way δqν → δqˆν. Then, creation b†ν and annihi-
lation bν operators of the corresponding mode can be intro-
duced and the vibrational Hamiltonian is transformed to (9)
where the anharmonic coefficient Kν,ν′,ν′′ is connected with
the anharmonic coefficient before quantization as Kν,ν′,ν′′ =
K cν,ν′,ν′′~3/2
(
2
√
2ωνων′ων′′
)−1
.
The resulting anharmonic coefficients Kν,ν′,ν′′ for the C–
H(D) symmetric stretch mode ν = 1 and the C–H(D) asym-
metric stretch mode ν = 2 are shown in Fig. 2. These modes
(a) (b)
(c) (d)
FIG. 2. The calculated anharmonic coefficients Kν,ν′ ,ν′′ (a and b) of
the C2H2/Cu(001), ν = 1 and ν = 2 respectively; (c and d) of the
deuterated acetylene C2D2 /Cu(001), ν = 1 and ν = 2 respectively.
are known to be responsible for the high-energy threshold
∼ 360 (275) meV, they are excited directly by the tunnel-
ing electrons. The patterns of the anharmonic coefficients
are similar for both isotopologues. The absolute values of
the anharmonic coefficients of the vibrational modes of the
C2D2/Cu(001) are twice lower than in case of C2H2/Cu(001).
The symmetric C–H(D) stretch mode No. 1 decays most
efficiently via excitation of a pair of equivalent phonons: No.
4 C–H(D) asymmetric in-plane bend or wag, No. 5 in-plane
bend or scissor, No. 6 out-of-plane bend or asymmetric ro-
tation, No. 7 cartwheel. Coupling of the symmetric C–H(D)
stretch mode No. 1 with the symmetric rotation mode No.
11 is ineffective since the corresponding anharmonic coeffi-
cient is two orders of magnitude smaller than that for a cou-
pling with the pair of out-of-plane bend or asymmetric rota-
tion mode No. 6.
The asymmetric C–H(D) stretch mode No. 2 decays most
efficiently via excitation of a pair of non-equivalent phonons,
e.g., the pair of the asymmetric rotation No. 6 and cartwheel
mode No. 7.
This simple estimation of the anharmonic coefficient shows
that the rotation of both isotopologues of the acetylene
molecule is initiated via excitation of the asymmetric rotation
mode No. 6. There are two processes leading to the excitation
of the reaction coordinate mode No. 6, the excitation of a pair
of the asymmetric rotation phonons or the excitation of one
asymmetric rotation phonon and one phonon of the cartwheel
mode No. 7.
5V. ANHARMONIC PROCESSES CALCULATION.
KELDYSH FORMALISM
We have shown in Sec. IV that the excitation process of
the vibrational mode of the acetylene molecule involves two
possible pathways, via double excitation of the reaction coor-
dinate mode or via excitation of the reaction coordinate mode
and the auxiliary idler mode. This allows us to write the vi-
brational Hamiltonian Hph as
Hph = H0 + Hph,1 + Hph,2 ≡
∑
ν=h,r,i
~Ωνb†νbν (15)
+
1
2
Kh,r,r
(
b†rb
†
rbh + h.c.
)
+Kh,r,i
(
b†rb
†
i bh + h.c.
)
,
whereKh,r,r,Kh,r,i are the anharmonic coupling constants, and
ν = i is some auxiliary (idler) vibrational mode excited simul-
taneously with the RC mode.
We discuss here both of the scenarios using the Keldysh di-
agram technique.25 In both cases under consideration the fre-
quencies of the vibrational modes are far from the resonance,
Ωh > 2Ωr ∼ Ωr + Ωi and the anharmonic interaction between
them can be treated as weak.
In what follows we derive the excitation rate of the RC
mode due to the process described by Hph,2; the excitation
rate due to Hph,1 can be obtained replacing the index i of the
idler phonon in all formulas below, with the index r of the RC
phonon.
For the description of the effective stationary occupation
densities of the RC mode we use the Keldysh-Green’s func-
tion method and kinetic equation.14,25 The anharmonic com-
ponent of the excitation rate of the RC mode is given by the
one-loop polarization operator. Neglecting the temperature
corrections, it reads
Γin(ω,Ωr,V) = 2piK2h,r,i
∫
n(h)ph (ε + ω)ρ
(h)
ph (ε + ω)[
1 + n(i)ph(ε)
]
ρ(i)ph(ε)dε, (16)
where ρ(ν)ph (ε) is the density of states of the RC and high-
frequency modes and n(ν)ph (ε) are the corresponding occupation
densities. Formula (16) describes the energy transfer rate to
the hindered rotation mode of an adsorbate due to the anhar-
monic coupling with the C–H stretch mode.
We proceed with the calculation of a total excitation rate
Γiet(Ωr,V) of the RC mode
Γiet(Ωr,V) =
∫
Γin(ω,Ωr,V)ρ
(r)
ph (ω)dω. (17)
After making a substitution of (16) into (17) and in the saddle-
point approximation the total RC excitation rate takes the form
Γiet,2(Ωr,V) = 2piK2h,r,in(h)ph (Ωi + Ωr)ρ(h)ph (Ωi + Ωr)
+ 2piK2h,r,in(h)ph (Ωh)
(
ρ(r)ph (Ωh −Ωi) + ρ(i)ph(Ωh −Ωr)
)
. (18)
The second term in Eq. (18) shows a threshold dependence
on bias voltage with high threshold value Ωh, because it is
 iet(⌦h)
A iet(⌦h)
B 2iet(⌦h)
(a)
 iet(⌦h)
A iet(⌦h)
B 2iet(⌦h)
(b)
 iet(⌦h)
A iet(⌦h)
B 2iet(⌦h)
(c)
FIG. 3. Sketch of the linear and non-linear excitations of the RC
mode. Three cases are considered: (a) low RC barrier Ωr < εB <
2Ωr; (b) intermediate RC barrier 2Ωr < εB < 3Ωr; (c) high RC
barrier 3Ωr < εB < 4Ωr.
proportional to the high-frequency mode occupation numbers
n(h)ph (Ωh) = Γiet(Ωh)
(
2γ(h)eh (Ωh)
)−1
. It can be shown that the first
term in (18) can be omitted due to the fact that n(h)ph (Ωi+Ωr) 
n(h)ph (Ωh).
The total excitation rate of the RC phonons due to the an-
harmonic term Hph,2 is
Γiet,2(Ωr,V) ≈
2piK2h,r,i
Γiet(Ωh)
2γ(h)eh (Ωh)
[
ρ(r)ph (Ωh −Ωi) + ρ(i)ph(Ωh −Ωr)
]
, (19)
and that due to the anharmonic term Hph,1 is
Γiet,1(Ωr,V) ≈ 4piK2h,r,r
Γiet(Ωh)
2γ(h)eh (Ωh)
ρ(r)ph (Ωh −Ωr). (20)
Note that both rates are proportional to the C–H(D) stretch
mode excitation rate Γiet(Ωh) and to small phonon densities of
the RC and idler vibrational modes far from the resonance.
VI. LADDER CLIMBING WITH TWO- AND ONE-STEP
PROCESSES
Using the expression (19) or (20) and Pauli master equa-
tion we are able to calculate the rotational probability rate
RB(V). In this section we calculate the excitation rate of
the RC phonons RB(V) using Pauli master equation.15 Several
processes of the rotation initiation of the acetylene molecule
on Cu(001) — with low, intermediate, and high barrier —
have to be considered depending on the height of the rotational
barrier, see in Fig. 3. The situations with low and intermedi-
ate barrier height may take place in case of C2H2 molecule
on Cu(001). While in case of C2D2 the processes with high
and intermediate barrier height are more probable, because of
a lower energy of the hindered rotation mode No. 6 (see in
Tab. I).
A. Low RC barrier
If the rotational barrier height is Ωr < εB < 2Ωr, the one-
step ladder climbing process takes place.26 The excitation rate
6of this process Γiet,2(Ωr,V) is given by (19) and the relaxation
rate is γ(r)eh , thus the Pauli master equation can be written as
dPm
dt
= (m + 1)γ(r)eh Pm+1 + mΓiet,2(Ωr,V)Pm−1
−
[
mγ(r)eh + (m + 1)Γiet,2(Ωr,V)
]
Pm. (21)
The stationary solutions (in respect to P0) for m = 1 states
in the localization potential of the RC mode can be written as
P0 = 1, P1 = Γiet,2(Ωr,V)
(
γ(r)eh
)−1
P0  P0.
Reaction rate RB(V) is defined as a probability rate to over-
come the localization potential barrier and in our notations it
is the excitation rate from the first excited level
R(1)B (V) = 2Γ
2
iet,2(Ωr,V)
(
γ(r)eh
)−1
. (22)
Substituting the expression for the excitation rate of the
RC phonons (19) and (20) into Eq. (22) and using the ex-
pression for the high-frequency phonons occupation densities
n(h)ph (Ωh) = Γiet(Ωh,V)
(
2γ(h)eh
)−1
we obtain the proportionality
coefficient B(1) between the excitation reaction rate and the
phonon generation rate R(1)B (V) = B
(1)Γiet,2(Ωh,V),
B(1) = 2pi2K4h,r,i(1 − ζ)2
1(
γ(h)eh
)2
γ(r)eh(
ρ(r)ph (Ωh −Ωi) + ρ(i)ph(Ωh −Ωr)
)2
. (23)
where h, r, and i correspond to the vibrational modes No. 2,
6, and 7, respectively.
Moreover, in the considered here case of a lower reaction
barrier, Ωr < εB < 2Ωr, the process of double excitation of the
reaction coordinate phonons gives a contribution to the linear
part RA(V) of the rotation probability. The rotation rate can
be estimated then as RA(V) ≈ Γiet,1. Then the impact of this
process into the proportionality coefficient A can be written as
A(1) = 4piK2h,r,rζτ(h)ρ(r)ph (Ωh −Ωr). (24)
where h and r correspond to the vibrational modes No. 1 and
6, respectively.
B. Intermediate RC barrier
If the rotational barrier height is 2Ωr < εB < 3Ωr, the exci-
tation rate is assumed to be dominated by the two-phonon an-
harmonic coupling with the high-frequency mode. The pair of
RC phonons excitation rate Γiet,1(Ωr,V) is given by (20) and
the de-excitation process is dominated by the single phonon
relaxation rate γ(r)eh . Then, according to Ref. 26, the Pauli mas-
ter equation takes the form
dPm
dt
= (m + 1)γ(r)eh Pm+1 + m(m − 1)Γiet,1(Ωr,V)Pm−2
−
[
mγ(r)eh + (m + 2)(m + 1)Γiet,1(Ωr,V)
]
Pm. (25)
The stationary solutions (in respect to P0) for m = 0, 1, 2 states
in the localization potential of the RC mode can be written as
P0 = 1, P1 = 2Γiet,1(Ωr,V)
(
γ(r)eh
)−1
P0  P0 and
P2 =
(
γ(r)eh + 6Γiet,1(Ωr,V)
)
2γ(r)eh
P1 ≈ Γiet,1(Ωr,V)
γ(r)eh
P0. (26)
Reaction rate RB(V) in this case is a sum of the excitation
rates from the first excited state 6Γiet,1(Ωr,V)P1 and from the
second excited state 12Γiet,1(Ωr,V)P2,
R(2)B (V) = 24Γ
2
iet,1(Ωr,V)
(
γ(r)eh
)−1
. (27)
Analogously, the coefficient B(2) between R(2)B (V) and
Γ2iet,1(Ωh,V) becomes
B(2) = 48pi2K4h,r,rζ2
(
ρ(r)ph (Ωh −Ωr)
)2
(
γ(h)eh
)2
γ(r)eh
. (28)
where h and r correspond to the vibrational modes No. 1 and
6, respectively.
C. High RC barrier
If the height of the RC barrier is even higher, 3Ωr <
εB < 4Ωr, the contribution only from the second excited state
should be considered and the final value of the rotation prob-
ability is twice lower than in case of 2Ωr < εB < 3Ωr,
R(3)B (V) = 12Γ
2
iet,2(Ωr,V)
(
γ(r)eh
)−1
. (29)
The coefficient B(3) between R(3)B (V) and Γ
2
iet,1(Ωh,V),
B(3) =
1
2
B(2). (30)
VII. FIT OF THE ROTATION RATE AS A FUNCTION OF
BIAS VOLTAGE AND ANHARMONIC CURRENTS
ESTIMATION
In Sec. VI we showed that the reaction rate in all cases is a
quadratic function of the RC phonon excitation rate which is
a feature of the two-step ladder climbing process and differs
only in a proportionality coefficient
RB(V) = BΓ2iet(Ωh,V). (31)
To reproduce the experimental results from Ref. 5 we use
the exact expressions for the total current I(V) and the genera-
tion rate of the high-frequency phonons, see Ref. 14. We tune
the parameters of the model εa(0), ∆s, ∆t to fix the value of
the total tunneling current, the lifetime of the high-frequency
vibrational mode due to electron-hole pairs excitations and
the ratio between inelastic and total tunneling current. De-
pendence of the results on the value of the adsorbate electron
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FIG. 4. Comparison of the rotation yield per electron Y as a function
of bias voltage for two isotopologues of acetylene C2H2 and C2D2
on Cu(001) surface. Symbols are the experimental data from Ref. 5.
Partial processes RA(V), RB(V) and RC(V) of the rotation rate of the
C2H2 molecule are shown with short dashed, dash-dotted and dashed
lines, respectively. Solid lines correspond to the sum of all partial
processes.
energy εa(0) is weak assuming that the εa(0) is far from the
Fermi energy εF , µs − εa(0)  Γs + Γt . We fix the value to be
εa(0) = 2 eV. According to our estimate this is in agreement
with the asymmetric IETS signal reported in Ref. 27.
A. C2H2/Cu(001)
We fix the total current I = 40 nA and the ratio of the in-
elastic component to the total value of the tunneling conduc-
tance σin/σ ≈ 0.1 (this value follows from our DFT analysis).
Then we obtain the following parameters of the hybridiza-
tion between leads and the molecular orbital: ∆s = 250 meV,
∆t = 9.6 meV. The main vibrational mode is the C–H stretch
mode with the frequency Ωh = 358 meV, and the lifetime
τph = 1 ps (γeh = 1 ps−1) obtained from our DFT calcu-
lations. These parameters allow us to calculate elastic and
inelastic components of tunneling current as functions of the
bias voltage and to fit the experimental data. The fitting co-
efficient of the linear contribution is A = 3 × 10−6 and of the
quadratic contribution is B = 7 × 10−16 s−1. In Fig. 4 the fit of
the experimental data5 of the C2H2/Cu(001) rotational rate is
shown as a function of bias voltage for the tunneling current
I = 40 nA. The dependence of the rotational rate as a function
of the tunneling current is obtained with the same parameters
as described above, see in Fig. 5(a). This dependence is calcu-
lated by varying the molecule-tip hybridization parameter ∆t
as shown in Fig. 4(c).
As we discussed in the previous section, there are two pos-
sible ways of the RC excitations. Using the parameters above
and the estimate of the anharmonic coefficients Kν,ν′,ν′′ , the
estimation for B is made.
In case of a low energy barrier Ωr < ε < 2Ωr the expres-
sion for the coefficient B is given by Eq. (23). We obtain
B(1) = 3 × 10−15 s which is approximately of the same or-
der of magnitude as the value B = 7 × 10−16 s obtained from
the best fit to the experimental data. The full set of parame-
ters used for approximation B(1) and A(1) for C2H2/Cu(001) is
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FIG. 5. (a)-(b) Rotation yield per electron Y as a function of tun-
neling current for two isotopologues of acetylene C2H2 and C2D2
on Cu(001) surface. Lines are calculated results for different bias
voltages: V = 400, 449, 500, 600 mV. Thin dash-dotted lines
are the linear and nonlinear contributions to the rotational yield for
V = 600 mV. Dots in panel (a) correspond to the experimental data
from Ref. 5; (c) The dependence of the molecule-tip hybridization
parameter ∆t on the tunneling current for different bias voltages.
Kh,r,i ≈ 30 meV, γ(a) = 0.2 ps−1, γ(h) = 0.7 ps−1, γr = 0.7 ps−1,
∆ = Ωh −Ωr −Ωi ≈ 202 meV (Ωi ≈ Ωr). In this case the con-
tribution to the linear coefficient A is given by Eq. (24). Using
the same set of the parameters we obtain the estimated value
of A(2) = 6 × 10−3 which is three orders of magnitude larger
than the value of A obtained from the fitting to the experimen-
tal data. Evidently, this makes the case of a lower reaction
coordinate barrier Ωr < εB < 2Ωr hardly possible.
In the other case of intermediate rotational barrier 2Ωr <
εB < 3Ωr the expression for the coefficient B is given by
Eq. (28). Using the parameters for C2H2/Cu(001): Kh,r,r ≈
30 meV, γ(h)ph = γ
(1) = 1 ps−1, γ(r) = 0.7 ps−1, ∆ = Ωh − 2Ωr ≈
202 meV, we obtain B(2) ≈ 2×10−15s, which is the same order
of magnitude as the best fitted parameter B = 7 × 10−16 s.
As we can see, our rough estimate of the anharmonic co-
efficients gives us nevertheless an opportunity to obtain the
amplitude of the nonlinear contribution B in the reaction yield
quantitatively. This is mostly due to a large amount of the ex-
perimental data available in Ref. 5 which allows us to fix all
the parameters of our estimation.
B. C2D2/Cu(001)
As in case of C2H2/Cu(001), we fix the total current I =
40 nA and the ratio of the inelastic component to the total
value of the tunneling conductance σin/σ ≈ 0.08. This value
corresponds to the following parameters of the hybridization
between leads and the molecular orbital: ∆s = 250 meV, ∆t =
14 meV. The main vibrational mode is the C–D stretch mode
with the frequency Ωh = 265 meV, and the lifetime τph =
3.3 ps (γeh = 0.35 ps−1) obtained from our DFT calculations.
The fitting parameters for the one- and two-electron pro-
cesses are equal to A = 8 · 10−7, B = 2 · 10−16 s. The fitted
rates RA(V) and RB(V) are shown as blue dashed and red dot-
ted curves in Fig. 6. We also show the dependence of the
rotation yield as a function of tunneling current for the deuter-
ated acetylene on Cu(001) in Fig. 5(b). As in case of C2H2
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FIG. 6. Dependence of the rotation rate per electron of the C2D2
molecule on bias voltage. Squares are the experimental data from
Ref. 5. The fitted rates RA(V), RB(V), and RC(V) are shown as short
dashed, dash-dotted, and dashed lines, respectively. The solid black
line is the sum of all partial processes.
molecule, we calculate the dependence on tunneling current
by varying the molecule–tip hybridization parameter ∆t, as
shown in Fig. 4(c). There is no experimental results available
on the dependence of the rotation yield as a function of tunnel-
ing current for the deuterated molecule to compare with. But
the main feature of the rotation yield of two isotopologues of
the acetylene molecule on Cu(001) surface — the crossover
from a single to two electron process — is clearly distinguish-
able for both isotopologues.
Since the experimental value of the rotational mode of the
C2D2 molecule is unknown, we consider two possible ways
of the RC excitations for the theoretical estimation of the co-
efficient B, the cases of intermediate Eq. 28 and high Eq. 30
RC barrier. The estimation gives us values B(2) = 1 · 10−15 s
and B(3) = 5 · 10−16 s correspondingly. The full set of parame-
ters used for approximation of B(2) and B(3) for C2D2/Cu(001)
is: Kh,r,r = 15 meV, Ωh − 2Ωr ≈ 166 meV, γ(r)eh = 0.26 ps−1,
γ(h)eh = 0.35 ps
−1, ζ = T (1)/(T (1) + T (2)) = 0.2. This estimated
coefficient is 5 or 2.5 times larger than that obtained from the
fit to the experimental data, Bfit = 2 · 10−16 s. We believe that
both of them are in a reasonable agreement, bearing in mind
the simplifications of the theoretical method.
VIII. COMBINATION BAND PROCESSES
Considering the excitation of the acetylene isotopologues
on Cu(001) we have to discuss also the excitation process of
the rotational motion below the main threshold. The magni-
tude of the reaction yield of C2H2 molecule is very low but
non zero and exhibits a lower threshold of ∼ 240 − 250 mV.
The energy scale of this threshold is of the order of the vibra-
tional energies but according to the vibrational modes anal-
ysis in Tab. I there are no corresponding vibrational modes.
Our proposal is that several vibrational modes are involved
in the electron-phonon scattering, i.e., the combination band
process occurs.7 Note that for the rotation rate of the deuter-
ated acetylene molecule on Cu(001) surface no rotation below
the high energy threshold at 275 mV was observed.5 To un-
derstand what happens here we consider the same type of the
processes as in case of C2H2/Cu(001), where the combination
TABLE II. Possible coherent processes of the vibrational modes ex-
citation in C2H2 and C2D2 molecules. The frequencies and lifetimes
of the vibrational modes are given in Tab. I.
C2H2 C2D2
Ωh = 360 meV Ωh = 265 meV
1 No. 3 C–C stretch
∑
Ωi = 282 meV
∑
Ωi = 241 meV
No. 5 C–H(D) in-plane bend – C = 5.1 · 10−9
or scissor, symmetric
2 No. 3 C–C stretch
∑
Ωi = 242 meV
∑
Ωi = 243 meV
No. 6 C–H(D) asym rotation C = 8.7 · 10−9 C = 5.3 · 10−9
or out-of-plane bend
3 No. 4 C–H(D) in-plane bend
∑
Ωi = 248 meV
∑
Ωi = 186 meV
or wag, asymmetric C = 1.87 · 10−8 C = 1.3 · 10−9
No. 5 C–H(D) in-plane bend
or scissor, symmetric
4 No. 4 C–H(D) in-plane bend
∑
Ωi = 220 meV
∑
Ωi = 186 meV
or wag, asymmetric C = 2.1 · 10−8 C = 3.2 · 10−9
No. 6 C–H(D) asym rotation
or out-of-plane bend
band process is well resolved in the experiment.
We consider the following process of an inelastic electron
tunneling which involves a simultaneous combination band28
generation of two coherent phonons ν = c1, c2. Assuming
that the adsorbate energy in Eq. (3) is now a function of these
vibrational modes, εa({qc1, qc2}) , and expanding it in a Taylor
series
εa({qc1, qc2}) = εa({0}) + η(b†c1 + bc1)(b†c2 + bc,2), (32)
where η = ∂2εa({0})/ (∂qc1∂qc2) and, bc1 and bc2 are the an-
nihilation operators of the vibrational modes with frequencies
Ωc1 and Ωc2, and damping rates γ
(c1)
eh , γ
(c2)
eh .
In order to calculate the excitation rate of coherent phonons
we use the Keldysh-Green’s function method.14,25, neglect-
ing the temperature corrections (i.e., assuming T = 0). It
can be shown that the form of a single-phonon process rate
Γiet(Ω,V),14 Eq. (5) can be used, where the single vibrational
frequency is replaced by the sum of two vibrational frequen-
cies. This gives for the combinational reaction rate
RC(V) = CΓiet(Ωc1 + Ωc2,V), (33)
where Γiet(Ωc,1 + Ωc,2,V) = .
γ(c1)eh + γ
(c2)
eh
Ωc,1 + Ωc,2
∆t
∆s
(|eV | −Ωc1 −Ωc2) Θ
( |eV |
Ωc1 + Ωc2
− 1
)
.
Table II summarizes the possible combinations of the vibra-
tional modes near the high-frequency threshold Ωh for both
acetylene isotopologues and the coefficients C of the corre-
sponding coherent processes.
For C2H2 molecule there are three possibilities (rows 2–4
in Tab. II) with similar energies which approximately corre-
spond to the experimentally observed lower threshold
∑
Ωi ≈
240 − 250 meV. For C2D2 molecule there are four processes
(rows 1–4 in Tab. II) with two possible threshold energies,∑
Ωi ≈ 185 meV and ∑ Ωi ≈ 240 meV. The coefficients C
9estimated for rows 1 and 2 in case of C2D2 are of the same
order of magnitude as for row 2 in case of C2H2. But the
threshold energy of such combination band process in C2D2
is very close to the high-frequency threshold with the energy
Ωh ∼ 275 meV. The other two processes, rows 3 and 4, are
at least an order of magnitude weaker in case of C2D2 than in
case of C2H2.
Figures 4 and 6 show the combination band processes for
the C2H2 and C2D2 isotopologues respectively. We plot the
rate of the combinational process involving the vibrational
modes No. 3 and No. 6 for the both isotopologues (row 2
in Tab. II). The parameters used in calculations of C (the ener-
gies and lifetimes of the vibrational modes) are given in Tab. I.
The values C obtained from the fit of the experimental data
are 8.7 · 10−9 and 5.3 · 10−9 for C2H2 and C2D2 correspond-
ingly. Although it is difficult to make a theoretical estimate
of this coefficient, the fitting to the experiment shows that the
combination band single-electron process is about A/C ∼ 200
times slower than the process with rotation excitation via the
C–H/D stretch mode. This is in a reasonable agreement with
the fact that the process Eq. (32) occurs in the next order of
the perturbation theory compared with the process Eq. (4).
The fact that in the original experiment5 no signs of the
combination band process were observed in case of C2D2 thus
finds a simple explanation. It appears that due to different
isotope shifts of different vibration modes (the isotope shift
is maximal for the C–H/D stretch modes), the threshold of
the process via the stretch mode excitation shifts in case of
C2D2 to Ωh = 275 meV. Whereas the combination band pro-
cess threshold is only slightly shifted to 240 meV. As a result,
the faster C–D stretch mode process screens the combination
band process in case of C2D2.
IX. CONCLUSIONS
We have carried out the thorough discussion of the ex-
citation processes of the rotations of the acetylene isotopo-
logues on Cu(001) in STM-contact. Using the combination
of the DFT calculations of the vibrational modes of the ad-
sorbed molecules and estimation of the coupling coefficients
between the vibrational modes, the reaction coordinate mode
is identified. The linear and nonlinear processes thus are dis-
tinguished. For the description of the nonlinear RC excita-
tion process we apply the Keldysh diagram technique for the
nonequilibrium processes and the Pauli master equation for
the stationary reaction rate calculation. We analyse several
scenarios depending on the height of the RC barrier and pro-
vide the comparison of the experimentally obtained data for
the acetylene isotopologues rotation on Cu(001) with the ana-
lytical dependencies of the reaction yield as a function of bias
voltage and the tunneling current.
We also discuss the possible processes of the excitation
rotational motion of the acetylene molecule below the main
threshold ∼ Ωh. We show that the combination band processes
are likely given by the combination of the vibrational modes
that are only slightly shifted due to the isotope-effect in com-
parison with the isotope-shift of the main threshold.
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Appendix A: Parameters for the potential surface fit
Table III specifies the parameters used in the simple
“springs-on-rods” model for both C2H2 and C2D2 molecules
on Cu(001). The parameters are obtained using random walk
method. Two criteria are introduced. The first one is an av-
erage relative error between the eigenvalues of the simpler
model and those obtained with DFT,
(
ω model/ω DFT
)
this gives
us some value in the range [0, 1]. The other one is the cosine of
the average angle between eigenvectors of the simpler model
and the eigenvectors obtained with DFT, cos
(
~e modelm · ~e DFTm
)
,
which is also in the range [0, 1]. The product of these criteria
is a controlled parameter we used to find the best fit values.
We restricted the number of tries to 106 and the best values of
the criterion for C2H(D)2 on Cu(001) were 0.75 (0.83).
The comparison between the frequencies of the vibrational
modes obtained with DFT calculations and with simple model
are given in Tab. IV.
TABLE III. The parameters of the ”springs-on-rods” model to re-
produce the calculated by DFT vibrational modes of C2H(D)2 on
Cu(001)
Bonds C–C C–H(D) C–Cu C–Cu H(D)-Cu H(D)-Cu
(nearest) (next-nearest) (nearest) (next-nearest)
ω, meV 161 (137) 363 (262) - - - -
L, Å 1.38 (1.38) 1.04 (1.05) - - - -
εi j, meV - - 578 (556) 86 (36) 153 (248) 55 (202)
ai j, Å - - 1.94(1.94) 2.20 (2.21) 2.55 (2.55) 3.05 (3.05)
TABLE IV. Vibrational eigenfrequencies ~Ων (in meV) of C2H2 and
C2D2 on Cu(110) (DFT and simple model results)
ν 1 2 3 4 5 6 7 8 9 10 11 12
DFT C2H2/Cu(001) 371 368 167 131 111 100 71 58 50 29 28 23
model C2H2/Cu(001) 371 370 167 111 106 100 100 61 49 29 24 23
DFT C2D2/Cu(001) 275 270 164 108 79 77 52 50 49 29 26 22
model C2D2/Cu(001) 275 273 143 83 78 76 76 59 49 26 26 20
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